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To each ring R we now have associated a

topological space Speck and a sheaf of rings 0
We want to show that this is functorial so we

first need a category in which CspecR O is an

object

Def A ringedspa.ee is a pair X 0 consisting
of a topological space X and a sheaf of rings on

X

Ex SpeckO is a ringed space

EX A topological space X together w the sheaf of
continuous IR valued functions is a ringed space
i e not all ringed spaces look like Speck

Det A morphismotringedspaces fwm X Q fo

Y y is a pair f f of a continuous map
f X Y and a map f Oy f 0 of sheaves

of rings i e over each open U EY a ringhomomorpchism
Oy a 0 f ul that

commutes with restriction maps



An important property of specR O is the fact
that every stalk Op is a local ring which

is reflected in the following

Def A ringed space X is a locallyringedst
if for each PEX the stalk Ox p is a local

ring

We want morphisms of Ioc ringed spaces to

respect the local ring structure on the stalks That is

Def If A and B are local rings w Max'l ideals MA
and MB respectively then a homomorphism
4 A B is a local homomorphism if

4 MB MA or equivalently 44nA EMB

We know that a morphism f f of ringed
spaces induces maps between the stalks of

Oy and f 0 but we want maps 0y.tcpT x.p

let PEX Then by definition we have

Q.tcpiutsfpp.CM suhhfp0x t U fishyOx V Gap

S f U 1 S f U

all this composition fp



This is well defined since the f U s t U Ff P are

a subset of all the open sets containing P So

if s f ul n s f ul in the first direct limit
then the will also beequivalent in the second

Def If X and Y are locally ringedspaces then a

morphism Cf f X Y Gy of ringed
spaces is a morphism of locally ringed spaces if
for each PEX fp Oy Q p is a local

homomorphism It's an isomorphism if f and f are

Speck O is clearly a locally ringed space but

we need to show that ring homomorphisms
induce morphisms of locally ringed spaces

Theorem If 4 R s is a morphism of rings Then

4 induces a natural morphism of locally ringed
spaces

f f X Y y

where X Specs Y Speck

Rf f X Y is the map we've already defined
f p 4 P

We first define f on distinguished open sets by



f Oy Dca f O D al
Il i

Ra f Dca
11

Ox Ducal
11

54cal

where I 1 4414a
Note that if 461 0 then Seca _0 and this is the

Zero map

This uniquely extends to a morphism on each open UEY

If PEX SpecY then f P 4 P CSpeck and the

induced map on stalks is

Ryicp Sp

Which is local by construction D

Conversely all morphisms SpecB SpecA arise

uniquely in this way That is

then If R and S are rings them any morphism
of locally ringed spaces f Specs Spear is
induced uniquely by a homomorphism
4 R S



Thus there is a one to one correspondence
between such morphisms

Rf There is only one possible candidate for 4
hence uniqueness the induced map on global
sections So set 4 to be

f aspect speer specs specs

R S

Thus we just need to check that G F is the map
induced by 4

We know that 4 is compatible with the map on

stalks so y
R S

r s

commutes But fp is local which means that

tf P f P Commutativity of the diagram

implies that 4 P f p

So the map f is the one induced by 4

Now maps f Ra Syca over D a



are also compatible w 4 so they must

be those induced by 4 so f is induced by
4 and we're done D

Remajk In general if 4 I G is a morphism of

sheaves and we know VCU for each element

U of a basis then we can recover 4 Use

sheaf condition


